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With the help of the I-integrals expressed by Mura (1987, Micro-
mechanics of Defects in Solids, 2nd ed., Martinus Nijhoff, Dor-
drecht) and the outward unit normal vector introduced by Ju and
Sun (1999, “A Novel Formulation for the Exterior-Point Eshelby’s
Tensor of an Ellipsoidal Inclusion,” ASME Trans. J. Appl. Mech.,
66, pp. 570-574), the closed form solution of the exterior-point
Eshelby tensor for an elliptic cylindrical inclusion is derived in
this work. The proposed closed form of the Eshelby tensor for an
elliptic cylindrical inclusion is more explicit than that given by
Mura, which is rough and unfinished. The Eshelby tensor for an
elliptic cylindrical inclusion can be reduced to the Eshelby tensor
for a circular cylindrical inclusion by letting the aspect ratio of
the inclusion a=1. The closed form Eshelby tensor presented in
this study can contribute to micromechanics-based analysis of
composites with elliptic cylindrical inclusions.
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1 Introduction

A micromechanical approach to the analysis of composites has
the advantage of establishing a suitable micromechanical model
that enables the effective properties, including damage evolution,
to be predicted through an understanding of the fundamental con-
cepts of composites [1,2]. In micromechanics, the microstructures
of composites are simplified in characterization models on the
basis of homogenization theories, and those theories are based on
the type of modeling that transforms the body of a heterogeneous
material into a constitutive equivalent body of a homogeneous
continuum [3]. Among the solutions of the inclusion and inhomo-
geneity problems of composites, Eshelby’s equivalent inclusion
method [4,5] is a convenient solution for inhomogeneities and an
indispensable part of the theoretical foundation of modern com-
posite mechanics [6-9].

The Eshelby tensor, which relates the strain field in the inclu-
sion to the prescribed uniform eigenstrain, is required in Eshelby’s
equivalent inclusion method. In Eshelby’s inclusion problem
[4,5], one considers an infinite homogeneous medium D consist-
ing of a matrix D—() and an inclusion () embedded in a matrix
that has the same constitutive material of the matrix. Let us sup-
pose that the uniform eigenstrain tensor €, which is also called a
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stress-free transformation strain, is prescribed and the homoge-
neous body D is subjected to a far-field applied loading. To de-
scribe the strain and stress field in that inclusion problem, Eshelby
[4,5] proposed a fourth-rank tensor, which is referred to as an
Eshelby tensor. The Eshelby tensor is divided into two different
expressions. The expressions depend on the location of the mate-
rial point x, which refers to the desired point of the strain and
stress field. When x is inside the inclusion, the tensor is called an
interior-point Eshelby tensor S; and when x is outside the inclu-

sion, the tensor is called an exterior-point Eshelby tensor G(x)
[10].

Although many researchers have used the Eshelby tensor for
inclusions of various shapes, the task of applying it to composites
with unidirectional inclusion is difficult. Mura [11] presented a
detailed analytical expression of the Eshelby tensor; however, the
analytical solution for the interior-point Eshelby tensor is focused
while that for the exterior-point Eshelby tensor is rough and un-
finished. Note that no studies of the closed form of the exterior-
point Eshelby tensor for an elliptic cylindrical inclusion have been
reported in literature. Hence, the present work attempts to derive
the closed form solution of the exterior-point Eshelby tensor for
an elliptic cylindrical inclusion. The [-integrals expressed by
Mura [11] and the outward unit normal vector fi introduced by Ju
and Sun [10] are used in the derivation. As a special case, the
Eshelby tensor for an elliptic cylindrical inclusion can be reduced
to the Eshelby tensor for a circular cylindrical inclusion.

2 The Eshelby Tensor for an Elliptic Cylindrical
Inclusion

2.1 Recapitulation of the Analytical Expression of the Es-
helby Tensor for an Elliptic Cylindrical Inclusion. Let us con-
sider an elliptic cylindrical inclusion embedded in an isotropic
infinite body, as shown in Fig. 1. According to the Cartesian co-
ordinate system, the domain of an elliptic cylindrical inclusion can
be expressed as (cf. Ref. [11])

i1 (i=12) and ay— (1)
ar

where a; (I=1,2) is the radius of the cross section of the elliptic
cylinder and the subscripts i and / follow the summation conven-
tion mentioned in Mura [11]: That is, the repeated lowercase in-
dices are summed from 1 to 2 and the uppercase indices take on
the same numbers as the corresponding lowercase indices but are
not summed.

As in the studies of Mura [11] and Ju and Sun [10], if point x is
located outside the inclusion, an imaginary ellipse is created. The
ellipse, which is shown in Fig. 1, can be expressed as

XiX; .
o1 (i=1.2) 2)
aj+\

where \ is the positive root of Eq. (2). Ju and Sun [10] also
introduced the following expression for the outward unit normal
vector i at any matrix point X on the imaginary ellipse:

i

aN

;= \/T (3)
i
(aj+)\)?

As in Mura [11], the strain field in the inclusion problem can be
written in the form

Eij(X) = éi_jkl(x) € 4)

where €, is the eigenstrain tensor and éijk, is the exterior-point
Eshelby tensor and can be expressed as [11]
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Fig. 1 A schematic description of an elliptic cylindrical inclu-
sion embedded in an isotropic infinite body (cf. Ref. [2])

éijkl(x) = [ piij = 200 b ;= (1 = V{1 + & 16y

_
8m(1-v)

+ 0+ & 03] (5)
with

ljx(x)=f |x — x'|dx’, ¢(X)=f 1/]x - x'|dx’ (6)
Q Q

in which x" is the local point inside the inclusion domain and &;;
signifies the Kronecker delta. In addition, ¢(x) and ¢(x) can also
be written in the form of I-integrals as [11]

B(x) = 310N = x,x, 05 (V)] )

Pi(x) = %{I(A) — x5y = @I = x5 Iy VT (8)

Using Egs. (7) and (8), the exterior-point Eshelby tensor éijk] in
Eq. (5) can be recast as [11]

éijk](x) = [87(1 = »)S;u(N) + 2v6xd; j(N) + (1 = v)

8(1-1)
X8l j(N) + Sjpeid g A(N) + Syxidp J(N) + Syl p (M)}

- 5ijxk[11(()\) - a%IKI()\)],l - ((sik-xj + ‘Sjkxi)[lj()\)

= ajl, 0]~ (8 + 81N = Ty (V)] = xp L)
- a?’u()\)],/k] 9)
with

1
Siu(N) = m[@ﬁu{z”[l()\) = IgN) + a7l (N} + (06

+ 8u8iarly(N) = L(N) + (1= w)[Ig(N) + I,V T}
(10)

where v denotes Poisson’s ratio of the matrix, and details of the
I-integrals in Egs. (7) and (8) can be seen in Mura [11].

2.2 Closed Form Solution of the Eshelby Tensor for an
Elliptic Cylindrical Inclusion. Section 2.1 introduced the rough
form of the exterior-point Eshelby tensor for an elliptic cylindrical
inclusion mentioned in Mura [11]. However, there is a need for a
compact expansion of the Eshelby tensor for an elliptic cylindrical
inclusion because the expression of Mura [11] for an elliptic cy-
lindrical inclusion is unfinished. For the closed form of the Es-
helby tensor, the I-integrals and their derivatives in Eq. (9) are
newly derived in terms of an outward unit normal vector 1 in this
study.

The derivative of \ is given by [11]

024503-2 / Vol. 77, MARCH 2010

2x,
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XXk

(ai+))?

i

}\,z: (11)

Alternatively, from Egs. (3) and (11), the first derivative of \ can
be written in terms of the outward normal vector i as

2.
)\,i = \/Tni ( 1 2)
(ax+N)?

Furthermore, the second derivative of N\ can also be derived from
the first derivative of \ as

2} 40> [_‘l B 2xi¢sjk]

T @ N) Lo x

a%<+)\ .
PV I
2(a; +\)

The I-integrals in Egs. (9) and (10) for an elliptic cylinder (a3
— o) are given by [11]

S)Ci(ag< +\)? [
(6> (a7 + )

(13)

R
4ma,a, \/a§+ A
11()\): 5 5 - 1 N

a, —ay \,’a%+)\
4 la%+ \
7aa, | \a
LN =551 =—=-1(. LMN=0 (14)
ay—a; | Nay + A
In addition, the integral I;; is given by [11]
1| 4maa,a,
LN == —5————-1,(\) = I5(\ 15
1\ 3L @+nAn 12(N) = I13(N) (15)
L(N) - I;(N)
I\ =*5— (16)
a;—a
with
AN = V(@ + M) (@3 + VM@ +N) (17)

where I;; (I, J=1,2,3) follows the cyclic permutation with respect
to 1, 2, and 3 as described in Mura [11].

With the help of the definitions in Egs. (12)—(17), the nonzero
components of the exterior-point Eshelby tensor é(x) in Eq. (9)
can be explicitly derived as follows.

(i) In the longitudinal direction (3-axis),

2
B awpv| 1 A
G1133=—[ —’11’11] (18)
l-v|[l+ow
G awp’v| . (19)
23 1+ e nony
2
A awp 1 o
Gi3;3= -y (20)
l-v|l+ow
o= 2| 0 1)
2323 = -l l+e nany
éi3j3 = éiSSj = éBijS = éSiSj (22)
with
1 a a
w:?, a:—z’ p= ’,1_ (23)
Ve =1p +1 a Va; +\

(i1) In the transverse direction (1-, 2-axis),

(a)  for components with no 7;,
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Gin = h[al “)+ep(1-8)]  (24)
2
G = 5 0801 =200+ @Cop’(? = £)]
(25)
2
Gum= 5 lE0v=0) + 0] (0)
>
G = 57yl 2= D+ op’€] - (2)
2
é1212 =Gy %[5' {1-v) - wr}+ wngz]
(28)
2
Gor1a=Gapoy = %[f' {1 - v)w-v}+ wp’&]
(29)
with
£=1 (30)
)
(b)  for components with 7,
N 2 4
G = %[27/— 5{(3 + w2)P2 + ‘1'1}]’31”31
(31)

R 2 4
Gy = %[ZV— 3 (1+30’)a?p’ + —\I’ fiyfiy

2(1
(32)
2
é1112=M[1 +2v {3 + ) p* + ¥ i1y
2(1-v)
(33)
2
ap’o
Goy = 20 —) [1 +2v- {(1 +3%)a’p’
az A
+ Wy (i (34)
)
é _ a’pzw 142 +L\I] 2{(3_'_ 2) 2
1= v -2 w)p
+ W} |Aqn, (35)
I
A ap 2
212 20 V)_l +2v+ azqfl_g{(] +30%)a?p?
2
gt ]ﬁlﬁz (36)
w
2
A ap 1
G1211=—2(1_V)[ I+ \Pl}nlnz (37)
2
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(c)

w A A
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1 A A
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[0)
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with
1 1
T Lt NS
1 P(1 _az)z( @ o2 (45)

for components with 77,

2
P 1
G1111=%[—(5+w2)+5(21+8w2+3w4)p2
2 WA A A
+§\I}1+\P2 nynnn (46)
é _sz (5+L>+ﬁ<21+§+i>2
22 2(1-v) w? 3 PR
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2, s
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2(2
+ %(5% + \Pz) } Aofisfiofi, (49)
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2
+Z0" +\P2]ﬁlﬁlﬁ2ﬁl (50)
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The components of the interior-point Eshelby tensor S can be
derived by letting 71;=7,=0 and p=1 in the components of the

exterior-point Eshelby tensor G(x) and is expressed as

s 1 @ ) 2+« 63)
= — . - +
M0y 1+a "lta
1 1 1+2«a
Sy = 1-2v+ (64)
( V) 1+a 1+«
Pp— L P (65)
20 ) a1t a
P— L P (66)
205500 1+al”  1+a
1 _a 1 1
S1212=S1221 ( V) 1+a l_V+:Y V_1+CY
(67)
1 1 1o
Sanz=S20= S T T Y T Tl
(68)
14 o
S ——— - 69
1133 (I—V) 1+a ( )
v 1
Syyzy= —— - 70
2350 ) Tra (70)
1 o
S1313=S1331 = 83113 = 83131 = m'“_a (71)
1 1
(72)

82303 = 82332 = 83003 = S3032. = m Tta
where the interior-point Eshelby tensor S is clearly unrelated to
the point x located outside the inclusion and depends solely on
Poisson’s ratio of the matrix and the aspect ratio « of the elliptic
cylindrical inclusion. Note that the derived components of the
interior-point Eshelby tensor given in Egs. (63)—(71) are identical
with those given in Mura [11].

As a special case, by letting =1 in Egs. (18)—(62), the Eshelby
tensor for an elliptic cylindrical inclusion is reduced to the Es-
helby tensor for a circular cylindrical inclusion as

2

A

p
Giju= mﬂjkl[gmpz -3),4(v-p?),4(1 - p1),4(p* - 2v
—1),4v-2+p>2 - 4v+p?] (73)
- vp Y .
Gijpz= m[@j =27d;], Gip= z[(sij =24, (74)

where the exterior-point Eshelby tensor for a circular cylindrical

inclusion is of minor symmetry; that is, éijklzéjiklzéijlk- In ad-
dition, the fourth-rank tensor F is defined as

Uk][B :| Bln in nan+Bz( kn nl+ 61” nk+ 5'kﬁ-ﬁ1+ 5'[ﬁiﬁk)
+336 nknl+B45klninj+ 355 5k[+ B()( 5115/]()
(75)

3 Concluding Remarks

This study introduces the newly derived exterior-point Eshelby
tensor for an elliptic cylindrical inclusion. With the help of
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I-integrals expressed by Mura [11] and the outward unit normal
vector introduced by Ju and Sun [10], the closed form solution of
the exterior-point Eshelby tensor for an elliptic cylindrical inclu-
sion is derived. The proposed closed form of the exterior-point
Eshelby tensor for an elliptic cylindrical inclusion is more explicit
than that given in Mura [11], which is rough and unfinished. As a
special case, the Eshelby tensor for an elliptic cylindrical inclu-
sion can be reduced to the Eshelby tensor for a circular cylindrical
inclusion.

The closed form Eshelby tensor presented in this study can
contribute to micromechanics-based analysis of composites with
elliptic cylindrical inclusions. In a further study, a
micromechanics-based constitutive model that takes into account
the Eshelby tensor for an elliptic cylindrical inclusion will be
developed to predict the behavior of unidirectional composites
containing elliptic cylindrical inclusions.
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